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GLOBAL WELL-POSEDNESS FOR AXISYMMETRIC MHD SYSTEM WITH 

ONLY VERTICAL VISCOSITY 

QUANSEN JIU 1 , HUAN YU 2 AND XIAOXIN ZHENG 3 


Abstract. In this paper, we are concerned with the global well-posedness of a tri-dimensional MHD 
system with only vertical viscosity in velocity equation for the large axisymmetric initial data. By 
making good use of the axisymmetric structure of flow and the maximal smoothing effect of vertical 


diffusion, we show that sup 

2<p< oo t 


\\dMr)\\j 

D 3/ 4 


■ dr < oo. With this regularity for the vertical first de¬ 


rivative of velocity vector field, we further establish losing estimates for the anisotropy tri-dimensional 
MHD system to get the high regularity of ( u , b), which guarantees that || Vm(t)||z,°° dr < oo. This 
together with the classical commutator estimate entails the global regularity of a smooth solution. 


1. Introduction 

The magneto-hydrodynamics (MHD) equations govern the dynamics of the velocity and the mag¬ 
netic field in electrically conducting fluids such as plasmas and reflect the basic physics conservation 
laws. It has been at the center of numerous analytical, experimental and numerical investigations. 
The Cauchy problem of the tri-dimensional incompressible MHD system has the following form 

(pt + u- V)u — v x d xx u — Uydy y u — v z d zz u + V p = (b ■ V)6, ( t , x) € R + x M 3 , 

. ( d t + u ■ V)6 - rj x d 2 x b - v y d 2 y b - r] z d 2 zz b = (b ■ V)u, . . 

divu = divfr = 0, ' ' ' 

„ {u,b)\ t =o = (uo,bo), 

where u = u(x,f) denotes the velocity of the fluid, b = b(x,t) stands for the magnetic field and 
the scalar function p = p(x, t) is pressure. The parameters v x , v y , v z , r] x , rj y , rj z are nonnegative 
constants. In addition, the initial data uo and bo satisfy divtto = div6 0 = 0 and x = ( x,y,z ). 

In the bi-dimensional case, the constants v z and r\ z in problem (II.ip become zero. For this case, 
if all parameters v x , v y , r) x , r) y are positive, some results concerning on the global well-posedness for 
sufficiently smooth initial data (see for example 0123]) were established in terms of the L 2 -energy 
estimate. When the four parameters are zero, it reduces to an ideal MHD system. The global 
regularity of this system is still a challenging open problem. So, it has been a hot research topic to 
examine the intermediate cases where some of the four parameters are positive in the past few years. 
Recently, Cao and Wu in f4] showed that smooth solutions are global for system m with v x > 0, 
Vy = 0, r\ x = 0, rj y > 0 or v x = 0, v y > 0, r/ x > 0, rj y = 0. More progress has also been made on 
several other partial dissipation cases of the bi-dimensional MHD equations. For system (11,11) with 
v x > 0, r] x > 0 and v y = p y = 0, Cao, Dipendra and Wu [31 derived that the horizontal component 
of any solution admits a global (in time) bound in any Lebesgue space L 2r with 1 < r < oo and 
the bound grows no faster than the order of rlogr as r increases. In [4j and im system (11.11) with 
v x = v y = 0, r] x = T] y > 0 are shown to posse global H 1 weak solutions. However, the uniqueness 
of such weak solutions and a global R 2 -bound remain unknown. Very recently, when iq x = rj y = 0, 
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v x = Vy > 0 in system dm the global well-posedness by assuming that the initial data is close to a 
non-trivial steady state was investigated in [T3j, [22] and [281 . 

Nevertheless, except that the initial data have some special structures, it is still not known whether 
or not the tri-dimensional Navier-Stokes system (when b = 0 in (11.11) ] with large initial data has 
a unique global smooth solution. For instance, by assuming that the initial data is axisymmetric 
without swirl, Ladyzhenskaya m and Ukhovskii and Yudovich [25] independently proved that weak 
solutions are regular for all time (see also [II]). Inspired by m |15| and [25] . more recent works 
are devoted to considering the axisymmetric Boussinesq or MHD system without swirl component of 
the velocity field. The global regularity results have been obtained for the axisymmetric Boussinesq 
system without swirl, when the dissipation only occurs in one equation or is present only in one 
direction (anisotropic dissipation)(see, e.g., [U [6] [8, 21 18, GEO). While for the axisymmetric MHD 
system, the first result that a specific geometrical assumption allows global well-posedness was estab¬ 
lished by Lei in m- More precisely, under the assumption that ug, b r and b z are trivial, he showed 
that there exists a unique global solution if the initial data is smooth enough. Later on, Jiu and Liu 
[TO ] further investigated the Cauchy problem for the tri-dimensional axisymmetric MHD equations 
with horizontal dissipation and vertical magnetic diffusion. 

In the present paper, we aim at investigating system m with v x = v y = 0, r] x = rj y = r] z = 0. 
Without loss of generality, we set v z = 1. The corresponding system thus reads 

(dt + u ■ V)u — d zz u + Vp = ( b ■ V)6, (t, x) € K + x M 3 , 

(d t + u- V)6= (b-V)u, , . 

divu = divfe = 0, ' ' ' 

„ {u,b)\ t =o = (u 0 ,b 0 ). 

Our main concern here is to establish a family of unique solutions of system (11.21) with the form 

u(x, t) = u r (r, z, t)e r + u z (r, z, t)e z , 


b(x.,t) = b e (r,z,t)eg 

in the cylindrical coordinate system. Here 

e r = (—, 0), eg = 0), e z = (0,0,1), and r = \Jx 2 + y 2 . 

r r r r 

Then, we can equivalently reformulate ( 11 . 21 ) as 

{d t + u- V)u r - dl z u r = -d r p - 
{d t + u- X7)u z - d 2 zz u z = - d z p , 

< {dt + u ■ V)bg = 
d r u r + ^ + d z u z = 0, 

. {u r ,u z ,bg)\ t=0 = («o,“o, & o), 
in the cylindrical coordinates. 

By easy computations, we find that the vorticity u := V x u can be expressed as 

w(x,t) = uj e {r,z, t)eg, 

with 

uig = d z u r — d r u z . 

It follows from ( 11 . 31 ) that ug satisfies 

d t ue + {u ■ V)w e - d zz u e = - (1.4) 

r r 


(t,x) € M + x 


( 1 . 3 ) 


Now let us present the main result. 
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Theorem 1.1. Let (uo,bo) £ H S (R 3 ) x H S (R 3 ) with s > | be axisymmetric divergence free vector 
fields such that uq = u r 0 e r + UQe z and bo = b e Q ee- Then system m admits a unique global-in-time 
axisymmetric solution ( u, b) satisfying 

uGC(K + ;ff s (M 3 )), d z ue Lf 0C (M+; i4 s (M 3 )) , 
b £ C(R + ;H S (R 3 )), ^ € C^R+j fl* _1 (R 3 )). 

Remark 1.2. Compared with the model considered in [12], the diffusion only occurs in vertical 
direction of the velocity equation of system m- This leads to the fact that the method used 
in m doesn’t work for problem (11.21) . Thus we develop some new estimates and techniques to 
compensate for the loss of the horizontal diffusion. Also, the assumption of anisotropy is natural 
and reasonable, because experiments show that in certain regimes and after suitable rescaling, the 
horizontal dissipation is negligible compared to the vertical dissipation. 

Remark 1.3. Formally, system (jl.2p corresponds to the following bi-dimensional MHD equations 

{ dtu + (u ■ V)rt — dy y u + Vp = ( b ■ V)6, (t, x) € M + x M 2 , 

d t b+{u- V)6= (&• V)u, 
div u = div 6 = 0, 

where x = (x,y). But, the global well-posedness of these equations for the large initial data is still 
an open problem. Cao and Wu [T just showed the global regularity for the bi-dimensional MHD 
equations with mixed partial dissipation and magnetic diffusion. 


Now, we briefly describe the difficulties and outline the main ingredients in our proof. Since the 
viscosity occurs only in the vertical direction of the velocity equation, behavior of the system is like 
that of the inviscid incompressible MHD equations. Thus, how to establish f 0 ||Vtt(r)||x,oo dr < oo 
for any t > 0 is the key point to establish global solution for large initial data. To do this, we meet 
a big problem that it is impossible to use the L 2 energy estimate to control the strong coupling 
nonlinearities between the velocity and the magnetic fields. This induces us to consider the solution 
which enjoys the special structure. Inspired by the ideas in OSCE], we consider the solution with 
the form 

u(x.,t) = u r (r,z,t)e r + u z (r,z,t)e z and 6(x, t) = bg(r, z,t)eg. 

Thanks to the special structure of this solution to system dm we observe that the quantity y- 
satisfies the homogeneous transport equation 

*(£)+(«'V)(£)=0. (1.5) 


The incompressible condition allows us to get the maximum principle of —: 


be 


it) 


< 


LP 


bo 


LP 


for p £ [2, oo]. 


As a result, we are able to bound IIWIIlm and \\bo(t)\\LP with p £ [2, oo], where L 3,1 is a Lorentz 
space (see Section 2 for details). 

Next, taking the standard L p -estimate of the vorticity equation (11.41) yields 




4 ip - 1) 


\d z \u} e (t)\2\\ 2 L2 = I — |w 0 | p dx+ (p- 1) / — \uj e \ p 2 d z u> e dx. 


bl, 


LP 


p* 


Taking advantage of the Holder inequlity and the fact that ||^f || ioo ||^r|| L 3 ,i, 


we see that 

















On the other hand, by the Young inequality and the Holder inequality, one has 


(p- 1) [ — \ue\ p 2 d z uj g 
J R3 r 


dx < 


2(P-1), 


p* 


\dz\ue\ 2 \\ L 2 + Cp(^ L2p + 11 11 1,2p 


Collecting both estimates, it follows that 


i /'-aii ll w e(OII lp 

KullyE := SU P -=- < °°- 


2<p<oo y/P 


This together with the well-known fact 


p-2 
LP ‘ 


( 1 . 6 ) 


||Vw||lp < C —— -||w||lp with p € (1,oo) 

p— 1 


leads to ||Vu||lp < Cp*. Unfortunately, the function p^Jp does not belong to the dual Osgood 
modulus of continuity (an dual Osgood modulus of continuity f l(p) is the non-decreasing function 
satisfying dr = oo for some a > 0). In other words, the growth rate of || Vu||.lp is too fast 

to obtain higher-order estimates of (u,b). To overcome this difficulty, we further exploit the space- 

SUP 


time estimate about 


'(3/4 


■dr < oo by making good use of the maximal vertical 


2<p<oo Jo P 

smoothing effect and micro-local techniques. This space-time estimate enables us to obtain the 
limited loss of the high regularity for cog, bg and —. Since this loss is arbitrary small, we can 
show that fg ||Vrt(r)|| IjO o dr < oo for all t > 0, which we believe to be of independent interest (see 
Proposition 12.101 in Section [3]). With this regularity for u, the BKM’s criterion ensures the global 
regularity of problem (11.21) . 


The rest of the paper is organized as follows. In Section [2l we review Littlwood-Paley theory and 
some useful lemmas and then establish losing a priori estimates for transport equation, which is an 
important ingredient in the proof of Theorem 11.11 In Section [3], we obtain a priori estimates for 
sufficiently smooth solutions of system (11.21) by using the procedure that we have just described in 
introduction. Section |4] is devoted to the proof of Theorem 11.11 Finally, an appendix is devoted to 
several useful lemmas. 


Notation: Throughout the paper, the L p (M 3 )-norm of a function / is denoted by ||/|| iP and the 
H S (M. 3 )- norm by ||/||jp s . Moreover, Lj,(X) = L q (0,T; X), 1 < q < oo is the set of function /(f) 
defined on (0, T) with values in a given Banach space Y(M 3 ) such that / Q T ||/(i)lljf(K 3 ) dt < oo and 
we denote Y(R 3 ) by X for simplicity. The spaces L a with a € [0,1] consist of all functions / £ L p , 
2 < p < oo satisfying 


ll/lllv 


sup 

2<p<oo 


I LP 


pU 


< OO. 


We denote La by y/h for the sake of simplicity. 


2. Preliminaries 

This section consists of three subsections. In the first subsection, we recall the Littlewood-Paley 
theory and introduce Besov spaces. In the second subsection, we provide the Bernstein-type in¬ 
equalities for fractional derivatives and some lemmas used for the proof of Theorem 11.11 The third 
subsection is devoted to the proof of losing a prior estimates for the anisotropy transport-diffusion 
equations, which enables us to establish the Lipschitz estimate for the velocity field. 
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2.1. The Littlewood-Paley theory and Besov spaces. Assume that (y, ip) is a couple of smooth 
functions with values in [0,1] such that suppy G {£ G M n ||£| < |}, suppy? c{^GM n ||<|^|<|} 
and 


y(£) + ^ 99(2 = 1 for each £ G M n . 

16 N 

For every u € 5'(M n ), the dyadic blocks can be defined by 

A_iu = y (D)u and A jU := (p(2~ J D)u for each j G N. 

We shall also use the following low-frequency operator: 

SjU := y(2 ~W)u. 

From the definition of operators above, it is easy to check that 

u = A jU in S'(M. n ). 

3 >~ 1 

Moreover, we introduce the Bony para-product decomposition to deal with the nonlinear term. For 
two tempered distributions u and v, we define para-product term and remainder term as follows: 

T u v = 'y^Sj-\uA J v. R(u,v) = AjuAjV 
3 \i-j I <2 

and then we have the following Bony’s decomposition 

uv = T u v + T v u + R(u, v ). 

Definition 2.1. For sGl, (p,q) € [l,+oo] 2 and u G we set 

IMIs® 9 (r") := ( ^ q ^ ^ < +°° 

3 >-1 


and 

ll' u lls| ] 00 (R") := SUP^ ll A l 7 i lliP(K-) • 

Then we define inhomogeneous Besov spaces as 


B 


PiQ' 


l ) := {«G5'(M")| 


I B s 


< 


+00}. 


Next, we introduce the anisotropic spaces because the dissipation term only occurs in the vertical 
direction. To do this, we need to define the following anisotropic operator: 

A(7(x fc ) := 2 2 * f ip(-x h - 2*y)/(y) dy and A?/(z) := 2 2 * f p{z - 2 l y)f(y) d y 
J R 2 JR 

for * = 0,1, 2 ■ ■ ■ and := (x, y). 

Definition 2.2. For cc,/3 G R, (p, y) G [l,+oo] 2 and u G 5'(M 3 ), we set 

l u llsp.’q (k 3 ) ■— ( £ if ,<+<*> 

j,k >-1 

and 

:= . ^ ^ ^ll A i A fc M ILp(R 3 ) - 

Then anisotropic Besov spaces are defined by 

B£f(R 3 ) : = {“ 6 S'(R 3 )| ll«ll B “f(R3) < +”}• 
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Let us point out that the usual Sobolev spaces H a and H a ^ coincide with Besov spaces B 22 and 
B'f '2 ■ respectively. 

Finally, we review Lorentz spaces and the generalized Young inequality for the convolution of two 
functions. Let 1 < p < 00 and 1 < q < 00 . Then, by the classical real interpolation, one can define 
Lorentz spaces L p,q as follows: 


L p ’ q (R n ) := ( L pi (R n ),L P 2 (R n )) {dqy 


where I<P 1 <P<P 2<00 satisfy and q £ [ 1 , 00 ]. 

According to the definition above, we easily find that for 1 < p < 00 and 1 < qi < q 2 < 00 , 

L p ' q 2 (M n ) ^ L p ’ qi (R n ) and L p (R n ) = L p > p (R n ). 

Lemma 2.3 ((2j). Let 1 < p, q, r < 00 , 0 < si, S 2 < 00 , | + | = ^ + 1, and Then there 

holds 


11/ * < C(p,q,s 1 , S2 )||/||lp' s i(]r™)||5||l , 3’ s 2(]r^). 

Moreover, in the case that r = 00 , we have that for a € (0,n), 


11/ * 0||l°°(R") < C 'll/llLS' 00 (R-)ll5 , ll i ^.l (R „ ) - 


2.2. Bernstein inequalities and some useful lemmas. Bernstein inequalities are useful tools 
in dealing with Fourier localized functions and integrability for derivatives. The following lemma 
provides Bernstein-type inequalities for fractional derivatives. 

Lemma 2.4. Let a > 0 and 1 < p < q < 00 . 


1) If f satisfies 

SU PP / C {£ € M n : |e| <K2?}, 

for some integer j and a constant K > 0, then there exists a constant C\ > 0 such that 

I|A"/||l«(r«) < Ci 2 QJ+Jn (p 9 ^ 11/11 lp(R")■ 


2) If f satisfies 

supp/ C U € r : Ki2 j < |£| < K 2 2 j } 

for some integer j and constants 0 < K\ < K 2 , then there exist two constants C 2 > 0 and C 3 > 0 
such that 


C^ll/H W(K n) < IIA^/Hm^) < C 3 2^\\f\\ Lq(R ny 
Lemma 2.5 ([16j ). For any p € (l,oo), there exists a positive constant C independent of p such that 


‘) ^ 


< C 


P 


P- 1 


u; 


*)■ 


( 2 . 1 ) 


Lemma 2.6 ([2.. [20]). Assume that f solves the classical linear heat equation 

f d t f — A/ = 0, (f,x)£R+xP, 

\ f\t=o = fo, 

Then there exist two positive constants C and c such that for every j > 0, 

IIAj/(*)IU p (R") = ll e 4 A ^j/ollLP(R") < Ce ct2 ||/o||l,P(R n )■ 


Next, we recall a useful algebraic identity and its properties. 
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( 2 . 2 ) 


Lemma 2.7. Let u be a divergence-free axisymmetric vector-field and uj = curlu. Then 

= d z A~ 


-2^A- 1 5,A- 1 ^^ 


r / 


Moreover, we have 


d,(±) 

< c 

U0 

\ r ) 

Lp (R 3 ) 

r 


lp (r 3 ) 


1 < p < oo. 


d z J—) 

< c 


\ r ) 

LP( R 3 ) 

V r / 


LP (R 3 ) 


, 1 < p < OO. 


Proof. The magic algebraic identity ()2.2I) was established by Miao and Zheng, one can refer to jl9j 
for the proof. □ 


The following lemma is about anisotropic Sobolev norms, which will be useful in the proof of 
Proposition 13.61 

Lemma 2.8. For any a G [0,1), there holds the following estimates 

I|A“'u||l 2 (r 3 ) < C , (||'!/|| i 2Q R 3) + IMI^QRS)) (2.3) 

and 

II^-“' u IIl° o (r 3 ) < C(\\u\\ L 2 {r3) + IMI^jgS))- (2.4) 

Here and in what follows, we denote A h '■= \/— (<9f + <9|) and A v := sj—d^. 

Proof. By the interpolation inequality, there exists a p G [2, oo) such that 

l|A>IU 2 (R3) < ||A"n|| L 2( R 3) <C'||ti||^2( K 3)||Vu||^ ( 0 R3) 

—c , II u IIl 2 (r3)||w||] :/P q K 3p 

5_3_ q 

where 8 = 2 s p 3 . 

2 ~P 

Then, the Young inequality and the definition of space \fh yield the first desired estimate (12.311 in 
Lemma 12.81 

Now we need to show the second desired estimate. By the Littlewood-Paley decomposition and 
Bernstein inequality, we have 

OO 

||A“u|| L oo( R 3) < ||A_iA>|| LO o (R 3) + ^ ||A fc A“u|| L oo( R 3) 

k=0 

OO 

< C'||A“u|| L 2( R 3) + C ^2 2 fcQ II A fc u|| L oo( R 3) 

k=0 

OO 

< C||A“ti|| L 2( R 3) + C ^2 2*'" 1+ r- )fc || Az-wllip^) 

k=0 

OO 

< c'||A“u|| L 2( R 3) + c i|w||lp( R 3) ^2 1+p ' )fc - 

k=0 

It is noted that for any a G [0,1) and some p G [2, oo) satisfing a — 1 + | < 0, 

OO 

E 0 (a-l+-)fc . 

2 y p’ < oo. 

/c=0 

This combined with estimate (12.311 yields 

ll^“' U lll,°°(R3) < C'(||m|| L 2( R 3) + ll^ll^^(KS))- 
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We complete the proof of Lemma 12.81 


□ 


2.3. Losing a priori estimates for the anisotropy transport-diffusion equations. This sub¬ 
section is mainly devoted to the proof of losing a priori estimates for the following system 


r dtp + ( u ■ V)p - d 2 zz p = f + d z g, 
< divrt = 0, 

[ p\t=o = Po, 

(t,x 

E [0, T] x M 3 , 

(2.5) 

under the condition that the vertical first derivative of u 

satisfies 


s„p r it+ r 

2<q<ooJo Q Jo 


2 

d t < 00 , 

(2.6) 

V 

L°° 

and the vorticity of u satisfies 




/ l|w(*)llvE dt < 00 . 

Jo 


(2.7) 


Now, let us begin with the statement of losing a priori estimates for the ordinary transport 
equation. More precisely, we have 


Proposition 2.9. Let a E (—1,1) and p E [2,oo]. Assume that p satisfies the following transport 
equation 

[ d t p + {u ■ V)p = /, (t, x) E [0, T] x M 3 , 

< divu = 0 , ( 2 - 8 ) 

[ p\t=o = Po 

with initial data po E B £ i0O and force term f E Lj,(B^ 0O ). Assume in addition that m and (EZD 
hold. Then, there exists a positive constant C = C(p,cr,T ) such that the following estimates hold for 
all small enough e > 0: 


SUP \\p(t)\\ 2 B ”t 

0 <t<T p ’°° 


CU 3 (T) 

< CU(T)e 3 


( fo V (*) dt) 4 



+ 


ll/( r )ll 


2 

D ff T 



where V(t) := 1 + ||w(t)||yj; and 


U(t ) := exp 



g 3 / 4 ) 


d t + C 



2 

L°° 



In particular, we have for all small enough e > 0: 

Here and in what follows, for any t E [0, T\, 

i / V(t) dr, rj = 

Jo 


cr t = a - 77 


WpoWb^ + II/IIligb^))- 

e 

JTmd t 


Proof. Applying A q to the equation satisfied by p leads to 

d t A q p + (S q+ iu ■ V)A q p = A q f + R q (u, p), 

with 

Rq(u,p) = ( S q+ iu ■ V)A q p - A q ((u ■ V)p). 

Multiplying the above equation by \A q p\ p ~ 2 A q p, integrating by parts and using Holder’s inequality 
yield 















whence. 


( 2 . 10 ) 


-^\\ A qp(t)\\ 2 LP < 2 (ll A <?/llir + IWpWIp + \\Rq( u i P)\\lp\\\p\\lp) ■ 

By using the commutator estimate (15.21) . for any 2 < q < oo, we have 

\\R q (u,p)\\ LP <C(||5, +5 V«|U» E ll A 9 'HL P + 2 " 9aT \/^ll w IUII-°ll^) ( 2 -9) 

k'-<?l<5 

Thanks to the divergence-free condition, we see that 

||5'<?+5V'u||z / °o <C'||S’g+5Cl 2 ?x||ioo + C\\u r /r\\ l°° + C , ||<S , 9+5 w ||l/ 00 
— C\\S q ^d z u\\Loo + C\\u r /r\\L°° + C ^/q\\tu\\^, 

where we have used the fact that 

\\S g f\\ L ~<C2T\\f\\ Lq <CvWIU- 

Plugging (12.101) in (12.91) gives 
\\Rq{ u i P) Ilx,p 

— C{^[Sq+^dzU^Lcc -f- ||rt r /rH^cx) + y / g||o;|| v /|^) ^ ] II^ 2 9 r \Zi? + 2 ll w llyT IldHs^o 

k'-?l<5 

<C(\\S q+5 d z u\\L°° + \\u r /r\\L°°) ^ ||Ag'p|| LP + C2 qaT q + 2 ||w||^ ||p||s^- 

k'-«t<5 

Therefore, we get 

— ||A 9 /9(t)||| p ^C^IIAg/Ulp + ||A g p||| P + 2 90V \/1 + 2 IMIvl IIpIIs^IIA^pIUp 

+ (ll‘Sq+5 , 9 2 'u||z / °° + ||rtr/f ||l°°) ^2 II A 9'P|Ilp ll A 9/ 5 ll iP ) • 

k'-g|<5 

By using Young’s inequality, we easily find that 

{\\S q+5 d z u\\ L oo + ||it r /r-|| L oo) ^ \W'P\\ L r \Wp\\lp 

W-q l<5 


( 2 . 11 ) 


( 2 . 12 ) 


<C 


(II Z 3/\ Lq + \\ u r/r\\ 2 L°^J\Wp\\lp + Cq 3/4 ^2 ll A g'Pll|p- 


(2.13) 


k'-g|<5 


Recall that, for any t € [0, T], 


U(t) = exp ( sup /c(l + “Mhhi)d, + c/ !i( T ) » dT ). 

'^2<q<ooJo ' Q JO T 

Plugging bound (12.131) into (12.121) and then performing the Gronwall inequality to the resulting 
inequality, we readily have 

\Wp(t)\\l P <l/(t)(||A,po||£p +cj 0 ||A 9 /(r)|||pdr 

+ C f 2 ~ q ° T \/q + 2 \\p(t)\\ b *t \Wp(t)\\ Lp dr 

Jo (2.14) 

+ C f (q + 2)1 ^ ||A (? /p(r)|||pdr) 

1/0 k'-g|<5 

:=Jq + Ji + J2 + T3. 
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Multiplying (|2.14p by 2 2 ( q+2 ' )at , we have 

2 2( ? +2)cu|| A9 ^)||2 p < 2 2(«+2)<Tt(j 0 + Jl+ J 2 + J 3 y (2.1.5) 

For the first term on the left hand side of (|2.15l) . we have 

2 2 (q+ 2 )a t j q <QU(t) 2 ^ q+2 ^ \ \ A q p 0 \ \ \ v 2 ~ 2 ^ 2+q ^ fo V ( T ) dr 
<CU(t)\\p 0 \\l^. 

For the second term on the left hand side of (|2.15l) . we have 

2 2 ( 9 + 2 ) CTt ^ < CU ( t ) r 2 2 ( g+ 2 K|| A 9 / ( T )|| 2 p 2 - 2 ,( 2 + ,) />( .)d, dr 

Jo 

<CU(t) J* wmw 2 ^ dr. 

For 2 2 ( 2 + q ) rT *J 2 , we get that if q + 2 > > 

2 2 ( 2 + q )* t j 2 < cm ^ y^TjT2 || u; (t)||^ 2 _2r? ^ 2+ ^ J* v ^ T J dT '\\p{r)\\ B ^T oo 2 qcTT || A ? p(t)||lp dr 
J 0 


1 

<7 sup I 

4 o <r<t 


IB" 


Similarly, when q + 2 > f ^logP ) we S e ^ that 


2 2(2+<?Wj 3 <C P(q + 2)^2~ 2ri ( 2+q ' > Jt V ( t '') dr '2 2qrTT \\A q p(T)\\ 2 LP dr 

Jo 


<7 sup \\p(t)\\ 2 b . t 

4 0 <T<t P: 


On the other hand, it is noted that if 


9 + 2 < 


(2CU(T)\ A 


p log 2 


) 


both terms 2+ 2+ + St J 2 , 2 2 ( 2+9 +* J 3 can be bounded by 

r t 


C 


U(T) \ 3 

7/ / , 


v'COIIpCOII 


dr. 


So finally, taking the supremum over q > — 1 in (12.151) and using these above estimates, we have 
\W)\\ 2 B °t 

J -'p,oo 

<CC/(()l|polll-„ + CU(t)J‘ ||/(t)|||. 5o dr + c(+P ) 3 J‘ V(T)\\p(T)\\l„ rx dr. 

Performing the Gronwall inequality and using the definition of p, we eventually get the desired losing 
estimates. □ 


Based on this proposition, we can get a similar result for the anisotropy transport-diffusion sys¬ 
tem m- More precisely, we have 

Proposition 2.10. Let a € (—1,1) and p € [2,oo). Assume that p is a smooth solution to sys¬ 
tem (|2.5D with po £ B!f 0 o> f G +t(-^p,oo) an d 9 £ +t(-®p,oo) an> J u satisfies the same conditions as 
in Proposition 1 2. .91 Then, the following estimates hold for all small enough e: 

r T 


sup 
0 <t<T 


R a t — 
-°p,oo 


CB(T)e^U Tv(t)dt ) 4 (lIPoll^+Z ||/(7 


IB" 


+ 3/ 


IB" 


dr 
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In particular, we have for all small enough e > 0: 


0 \\B^ X + 


L^(Bp fOQ ) 


+ 


\L^(R 


- ))• 
p,OO ) ' 


Here the constant C > 0 depends on p, a, T, and V(T), U(T ) are defined as in Proposition \K 


Proof. Applying A q to the first equation of system (12.51) . With the notation introduced in Lemma lE.2[ 
we have 

d t A q p + (S q -iu • V)A q p - vd 2 zz A q p = A q f + d z A q g + R q (u , p). 

Multiplying this inequality by \A q p\ p ~ 2 A q p, 2 < p < oo and integrating the resulting equation, we 
get 

= / A q f\A q p\ p ~ 2 A q pdx+ [ R q (u,p)\A q p\ p ~ 2 A q pdx- (p- 1 ) [ A q g\A q p\ p ~ 2 d z A q pdx 
Jr 3 J r 3 Jr 3 

■=I\ + h + I'i- 


(2.16) 


By the Holder inequality, we have 

In a similar fashion as (12.111) . one can conclude 
h <\\R q {u, p)\\ LP \\A q p\\ p ~ l 

<C(\\S q+5 d z u\\ L oo + ||it r /r||z,°°) E llA'HUlAHlY 

W-q l<5 

+ C2 q(jT yjq + 2 ||w||^l HpIlB^HAgpll^p 1 . 

We use the Holder inequality and the Young inequality to estimate I 3 as follows 

■ 2(p-l), 


P-2 


/ 3 <- 


< 


V 

2(P- 1) 

p2 


| Aq(7||iP || Aqp||^p ||cb| Agp| 2 ||^ 2 


9 2 |A ? p| 2 ||^ 2 +C'p||A (?5 r||^p||A ? p||^ z . 


p-2 


Plugging the last three estimates into (I2.16p . we immediately get 
d 


^||A g /?(t)||| P YC'dlAg/Ulp + ||A g p||| P + 2 qrjT \fq + 2 ||w||^ IIpIIs^ II A 9 p||lp 


+ c(^—j l|A g p|||p +CY/ 3 / 1 ^ l|A g 'p||i P +^||A 9 5|||p). 
9 k'-<?l <5 


It is now easy to conclude the desired result of this proposition. In fact, it is just a matter of arguing 
exactly as in Proposition 12.91 □ 


3. A PRIORI ESTIMATES 

In this section, we aim at establishing the global a priori estimates needed for the proof of Theo¬ 
rem o We first prove the natural energy estimates associated to system ( 11 . 21 ) . In the second step, 

rt ||<9.u(t)|| 2 p 

we present the control of some stronger norms such as HadLoo/ at, and sup / — „.. ——dr. In 

* iV j 2<p<ocJo P 3/4 

the third step, we prove the global Lipschitz estimates of the vector field u by making good use 
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of losing estimates. Finally, with the help of the special structure of system (|1.2I) and commutator 
estimates in Lemma fE.21 we show the H s x H s , s > \ a priori estimates of (it, b). 


3.1. The natural energy estimates. Now, let us begin with the natural energy estimates of ( u , b ). 
Proposition 3.1. Assume that (uo,£>o) € L 2 x L 2 . Let ( u,b ) be the smooth solution of system (|1.2I) . 


Then, for any t > 0, there holds 

\Ht)Wh + \\m\\b + 2 t \\dMr)\\h dr < Hill, + |NI1 2 . 

Jo 


(3.17) 


Proof. Although the proof of this proposition is standard, we give the proof for reader’s convenience. 
Taking the L 2 inner product of the velocity equation with u and using the divergence-free condition 
of u, we find that 

1 d 'Ht)||| 2 + \\d z u(t )\\ 2 L 2 = f ((b ■ V)6) • udx. 


2 dt 

In a similar way, we can get L 2 -estimate of b: 

—urnuh = j 

Note that 

f ((6 • V)6) • udx + 

J M 3 

This together with (13.1811 and (|3.19l) yields 


((6 • V)u) • ftdx. 

((6 • V)u) • 6dx = 0. 


(3.18) 

(3.19) 


\f t (Moiih + iimoiiD + \\dMmh = »■ 

Integrating the equality with respect to time t leads to the desired estimate. 


□ 


Let us point out that the axisymmetric assumption is not needed in the proposition above. How¬ 
ever, we need to use the structural assumptions to show the strong estimates of ( u,b ). We always 
assume that 

u = u r e r + u z e z and b = bgeg (3.20) 

in the remainder parts of this section. 


3.2. Strong a priori estimates. This subsection is devoted to obtaining some strong a priori esti¬ 
mates of ( u , b). Let us start with the maximum principle of quantity ^ which solves the homogenous 
transport equation. 


Proposition 3.2. Let ^ € L 2 n L°°. Assume that (u, b) is the smooth solution of system (II. 2j) 
satisfying (13.201) . Then, for all p S [2,oo], there holds 


be(t ) 



L 2 nL°° 


for any t > 0. 


Proof. Recall that 

U 

d t b e + (u ■ V)b e = —b g , 
r 

we easily find that — satisfies the following homogeneous transport equation 

8 ‘( 7) + <“' v )(7H' 

Moreover, by the divergence-free condition of u, we have 

— (t) < — , for all [2,oo]. 

r lp r lp 

Therefore, we finish the proof of this proposition by using the interpolation inequality. 

12 


□ 




























Next, we show the L 3,1 -estimate of the physical quantity which plays an important role in the 
study of axisymmetric flow without swirl. 

Proposition 3.3. Assume that ^ € L p,q with 1 < p < oo, 1 < q < oo and y £L 2 fl L°°. Let ( u , b) 
be the smooth solution of system m satisfying (I3.20[) . Then, for any t > 0, the following estimate 
holds 




(t) 


< C 


LP’i 


In particular, we have 


wo 

r 


LP’i 


+ y/t 


2 

L 2 nL°° 


u e 


(0 


L 2 


+ 


f 


d. 


ue_ 

r 


)(*) 


L 2 


ds < C 


Wo 

r 


L 2 


+1 


bo 


L 2 nL°° 


Proof. We observe that the quantity V := — solves the following equation 

d t T + (u • v)r - d 2 zz r = -Mil. 


(3.21) 


(3.22) 


Multiplying (|3.22l) by |T| P 2 r with 2 < p < oo and integrating the resulting equation over R 3 , we 
readily have 

lii|rmii?. + 4(p “ 1) ',-- E " 2 r ~' h - 

p dt 


LP 




\d z \m\H 2 L 2 = - / o z 


|r| p - 2 rdx 


= (p-l) [ 

J R : 


bl 


(3.23) 


^iri p - 2 ardx. 


For the integral term in the last line of (|3.23lh by the Holder inequality and the Young inequality, 
we get 

(p- i) / h \\T\ p ~ 2 d z Td*< (p-i) (-) 21 
J K 3 r 2 V r / 


ii. . p—2 I. n, , p—2 

r— 2p r—9 z r 

LP 11 


IIL 2 


< 


< 


2(P-1) 


V 

2(p~l) 

p2 


L 2 p 


V -2 

I 2 
Ilp 


II 2 


|a|r|i||J 2 + Cp 


L 2 p 


IPIIP -2 
I 1 IIlp • 


Combining this with (13.231) and Proposition 13.21 gives that for all p € [2,oo) 




|W#||' 2 <c P 


<c P 


<Cp 


be 


L 2 p 


L 2 p 


|| P-2 

Ilp 


||P-2 

IIlp 


(3.24) 


L 2 nL°° 


|p||P-2 

I 1 IIlp ■ 


It follows that for all p € [2, oo), 


f t \\m\\l r <cv 


4 

L 2 nL°° 


After integrating this inequality with respect to time t, we get 

bo 4 


||r(f)||2p < ||r(o)||ip + Cpt 

Therefore, by the interpolation theorem, we hnally have 


L 2 nL°° 


(3.25) 


\\m\\ L p-<c 


LP 


,q + y/t 


bo 


L 2 nL°° 


Choosing p = 2 in (13.241) and integrating with respect to time t yield estimate (13.21 p . and thus we 
completes the proof of Proposition 13.31 □ 
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Based on the estimate of ^r, we further establish the estimate of b and vorticity ui. Firstly, we 
focus on the maximum principle of bg. 

Proposition 3.4. Assume that ^ £ L 3,1 , b$ £ L 2 n L°° and ^ £ L 2 n L°°. Let (u, b) be the smooth 
solution of system m satisfying (13.201) . Then, for any t > 0, there holds 


s C C* II ^ II 31+^11—I' 2 

L v < e '-II " l ^ 3 ’ 1 I' r I 


i2ni0 °) ll^oll L 2 nL°° > /° r eac/l P € [2,oo]. 


Proof. Multiplying the third equation of system (ED by | bg\ p 2 bg , 2 < p < oo and performing 
integration in space, we get 

?>»<*>! '«=l> |Pdx - 

For the right hand side term, we deduce by the Holder inequality that 


[ ~\be \ p dx 
.7]R3 r 


< 


u r 

r 


IIMk- 


Therefore, 


di 




U r 


INI 


Lp ■ 


The Gronwall lemma yields that 


(3.26) 


r \\L\{L°°y 


the the pointwise estimate | | < |tp * |^| and Lemma f2.3l to obtain 


u r 

< 

UQ 

r 

L°° 

r 


£3,1 


By inserting estimates (13.271) into (13.261) and using Proposition 13.31 we get 

II^WIIlp < II ~ lli 3 , 1 _ l ~ i2 II ~ II r 2 ni°°) 


For p = oo, we see that 


< 


L°° 


+ 




(U r 

+ 


— 

j 

0 

V r 

r 

u r 

(s) 

Jo 


r 


LP 


ds 


(3.27) 


(3.28) 


L°° 

IM S )IN ds. 


By the similar argument as above, we deduce that 

\\b e (t)\\ Loo < e c ( t II^IL3,i+* i llvlL2 ni oc) 
This combined with (13.281) yields the desired result. 


□ 


With the estimates established above in hand, we can bound || ^oo(v^L) by using the smoothing 
effect of the vertical diffusion. 

Proposition 3.5. Assume that 6 0 £ T 2 D L°°, ^ £ L 2 n L°°, ojq € y/h and ^ € L 3,1 . If (u, b) is 
the smooth solution of system ED satisfying (13.201) . then for any t > 0, there holds 


INNIvl < C. 

Here the constant C depends only ont, |Nlz, 2 nL oo, ||^|| L 2 ni oo; HNI^E and ||^f|| L 3 ,i- 


(3.29) 
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Proof. Multiplying the vorticity equation (11.41) by \oje\ p ~ 2 ue, 2 < p < oo and integrating the resulting 
equation over R 3 , we obtain 

l2 \ 


p dr p z 


\dz\u e {t)\m 2 L 2 


[ — |w 0 | p dx- f ^^ 0 ) \u e \p 2 uj e dx. (3.30) 

Jm . 3 r Jr 3 r 


For the first term on the right hand side of the above equality, we deduce by the Holder inequality 
that 


/ 


u. 


— \ug\ p dx < 
r 


p 

lp 


As for the second term, integrating by parts leads to 

&(<>!) 


/ 

JRi 


\u e \ p 2 w e dx=(p-l) / — \u e \ p 2 d z u e dx. 

r ,/r3 r 


Moreover, by the Holder inequality and the Young inequality, we get 

b 2 


(p- 1) / — \u e \ p 2 d z uj g 
Jr 3 r 


dx 


<(?-!) 


LP 


|M 


P-2 


. P-2 


2 11 ^p I we| 2 d z oj g 2 
Lp~^ n 


< 


2(P-1) 


P 


P-2 

2 


LP 


INIIJ ||^|u; e | 2 || L 2 


^2(p “ !) ||fl | |gl|2 

<--— <9z|w 0 | 2 




L 2 


Cp 


^l 2 

Lp 


p-2 

LP ' 


This together with (13.301) . (13.311) and (13.321) yields 


-IMt)|| 2 P <c' 


L°° 


\\ue\\ L v +Cp 


Lp 


Hence, the Gronwall lemma ensures that 

IMt)ll|, < e CJ ° I” iT ( |M0)|||, + Cp f %) 

v JO r 

According to Proposition 13.21 and Proposition 13.41 we obtain that 


lp 


dr 


r ‘ 2 dT < 


LP 


[ \\b e {T)\\^ v dT+ [ 
Jo Jo 


t b B {r) | 4 


L 2 p 


dr 


C[ ill^ll Sl+^ll —l | 2 2 oo 
‘ 11 r Ml 3 , 1 II r llL 2 nL°° 


< Cte 

< C. 

By virtue of (13.271) and Proposition 13.31 we know that 


L 2 nL°° 


+ Ct 


4 

L 2 nL°° 


r 

u r / \ 
- ( r ) 

1 0 

r 


dr < C, 


(3.31) 

(3.32) 


(3.33) 


where the constant C doesn’t depend on p. Inserting all these estimates into (13.331) . we get for each 
2 < p < oo, 

\\uo(t)\\ L r < C(\\uJ 0 \\lp + y/p), 

which implies the desired estimate (13.291) . □ 


Proposition 13.51 together with the well-known fact that ||Vu]|lp < for p G (1, oo) yields 

that sup -- ^ is locally bounded in time. But, the growth rate Pyfp goes far beyond the 

2<p<oo Vyfp 
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Osgood type theorem. This induces us to improve the regularity of Vu by using the vertical smooth 
effect for the anisotropy system, which is the heart in our proof. 


Proposition 3.6. Assume that bo € L 2 n L°°, € L 2 n L°°, w 0 € \/L and ^ € L 3 ’ 1 . Let ( u,b ) be 

the smooth solution of system m satisfying (13.201) . Then, for any t > 0, the following estimate 
holds 

SU P / y! 2 9S ^ dr <C, for se (1,2). (3.34) 

2<p<oo Jo q> Q pz 


In particular, we have 


sup 

2<p<oo 


/ 


.“WiiL dT < a 


3 

P 4 


Fere constants C > 0 depend on t, || 6 0 |lL 2 niO o ? IItILviZ/”’ ll^oll^ and II^fILsu- 


(3.35) 


Proof. Applying operator A q V to the hrst equation of (II. 21) and using Duhamel formula, we get 

u q (t,x.) =e tAv u q ( 0) — f e^~ T)Av A v q V({u • V)u) (r, x) dr + f e 0^ r ) A « A q V((b ■ V)6) (r, x) dr, 
do do 

where u q = A q u and "P is the Leray projection on divergence free vector fields. 

Notice that 

( u ■ V)u = uj x u + - V|n| 2 

whence, 

P((n • V)u) = V(uj x u ). 

According to Lemma 12.61 for q>0, we have 

11 e*A^/|| lp (R 3 } = ||||e tA “A”/|| L p (Rt)) || LP(R , ) < Ce~^ q \\ A^|| LP(ffi3) . 

Therefore, for q > 0, 


IKIIlJ(lp) 29 ||w q (0)||i,p +Cp2 2q J|A^(w x u)(r)|| LP dr 

+ Cp2~ 2q f \\A" q {(b-V)b)(T)\\ LP dT. 
do 

Multiplying the above inequality by 2 qs and summing over q > 0, we readily obtain that 

E 29S IKIIL t i(L,) <C^2^- 2 )||u,(0)|| LP +Cp r^2^- 2 )||A^wxu)(T)|| LP dT 

<J>0 9>0 < '° g>0 

+ C P 29(s - 2) || A” ((6 • V)6) (r)|| iP dr 

- 70 g>0 

:=T + h + h- 


First of all, the Holder inequality and the Sobelev inequality allow us to conclude that for s < 2, 

di < Cj|uo||i> <C'(||no || L 2 + ||ito||z,°°) 

<C(||u 0 || L 2 + llwoll^). 

To deal with I 2 , arguing as for proving (13.361) . we get that for s < 2, 

^2^- 2 )||A^(wxn)|| iP <C\\wxu\\ LP 


(3.36) 









In consequence, 


I 2 <Cp(\\u 0 \\ L 2 + IMI Lf 3 (VE)) j o ll w ( T )ll LV d T 

<ctpz (||u 0 ||l 2 + II w IIlj“(Vl)) IMIl^vi:)' 


(3.37) 


bl 


Finally, we deal with the third parentheses of I 3 . Since (b ■ V )6 = -p-e r in the cylindrical coordinates, 
we obtain that for s < 2 , 


rt ;,2 

h < Cp / — (r) 

Jo r 


dr 


lp 


< Cp 


t)\\ h P + 


-(r) 2 ) 

r l 2 pJ 


(3.38) 


dr 


Putting together (I3.36p . (I3.37|) and (|3.38l) yields that for s < 2, 


^^IWqWLKLP) < C(\\u 0 \\ L 2 + llwollyE) + Ctp 2 (\\u 0 \\ L 2 + ||w|| L oc,( v C))||w|| i c«(^|:) 
q> 0 


+ Cp 


/■ 

Jo 


t )\\l 2 p + 


-(t) 


L 2 p 


dr. 


Therefore, multiplying this inequality by p 2 and using the previous estimates in Proposition 13.21 
Proposition 13.41 and Proposition 13.51 we have 


sup 

2<p<oo Jo 


r V 2 « a 

0 q >0 


KM II 


Lp 


3 

p 2 


dr <C, 


where the positive constant C depends only on t and the initial data. 

Now we are ready to prove (13.351) . With the help of the Sobolev inequality, for each 2 < p < 00 , 
we have 


3 ,, 3 ,, 1 ,, 1 


< C'||A,Iu||4jA. 


4 7 / 4 

L p\\^ v a \\LP- 


11 ^ 2 ^ 1 ! lp 

On the one hand, by using the interpolation inequality and Lemma 12.81 we get 

3 3 3 

||A«u|| iP < C(\\A£u \\ l2 + ||AJ«|| Loo ) < C(\\u \\ L 2 + llwll^). 
On the other hand, by the Bernstein inequality, we have 


(3.39) 


IaJ? 


\ LP < Y, ||A^u|| iP <C7(||u|| L 2 +^2^||A^|| LP ). 

q >-1 q> 0 


Combining these estimates with (|3.39l) leads to 

no 11 4 


i, < c(||«||„ + ||w||^) 3 (||«iu. + ^2J«||A>||„). 

q>0 


Hence, by using (13.341) with s = |, we deduce that 

rt lia»«MII 1 


L 


I LP 


dr < Cl 1 + 


0 pi 


J*Y 2 ^ l|A ^ ( J )l|LP dr) < 00 . 


q> 0 


3 

P 2 


So finally, this combined with Holder’s inequality yields estimate (13.351) . 


(3.40) 

□ 
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3.3. Lipschitz bound of the velocity. This subsection is devoted to showing the Lipschitz esti¬ 
mate for the velocity field via losing estimates for the anisotropy system. 

Proposition 3.7. Let (uo,bo) € H s x H s with s > |. Assume that (uo,&o) satisfies the conditions 
stated in Theorem Let ( u,b ) be the smooth solution of system (11.21) satisfying (I3.20|) . Then, for 
any T > 0, we have 

||Vu(f)|| L codf <C, (3.41) 

where the positive constant C depends on T and the initial data. 



Proof. Since (uo,bo) € H s x H s with s > |, we know that the velocity vector field u satisfies (12.6j) 
and (12.71) by (13.271) . Proposition 13.51 and Proposition 13.61 Since uq € H s with s > we have 
|| V'( 0 )lli 3 ’ 1 - Cll^oll H=- In terms of Lemma 12.31 and of Proposition 13.31 we get that for s > 


> 


< C 


> 


L3.1 


< c 


T<°> ,,, £ CIMI 


L3, 


H s 


Therefore, according to Proposition 12.91 for any 0 << 7 < 1 , 0 <t / < t < t <T, we have 


L%{B%S,o o) 


<C(t) 


(3.42) 


and 


\Mr)\\ 




<c(t) 


*IK»« 


dr' 


B„ 


Here and in what follows, C(t) is the smooth explicit function which may be different from line to 
line. 


By using Lemma lE.il we get 


B, 


^ <c 


<c 


u r 

r 

U r 

r 


B a 


C 


B. 


a, IIMl/ 30 


B c 


II^H • 


(3.43) 


By Bernstein inequality and Lemma 12.71 we deduce that for some q > 1 _^, f . 


u r 

r 


(t , = sup 2 3<J B 

Boo, OO j > — 1 


A, 


U r 


<2~ rT ' r ' A_i — 

<C 


L°° 

+ sup2 iK ' + f- 1) 

1,00 j> 0 
uj 8 

Li 




Li 


(3.44) 


This together with (13.251) . (13.271) and Proposition 13.31 yields 


Br 


<C(t). 


As a result, 


||Wllk^<C'W(ll^o||| goi 00 +y o \\W)\\ 2 ^ dr' 


D 1 -' / _; —' V ^ / \ I I I I IS'-' 1 | 11 ''l/ \ * / I I »-» 

'•°oo,oo N 7 y" " J -'oo,oo M \ 

The Gronwall inequality implies that 

sup |Mt)|| bS;oo < C'(t)||6 0 ||sg OiOo . 
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0 <T<r' 


(3.45) 


















































































Note that ojg solves system (|2.5I) with / = ^f-u r , </ = --£. By using Proposition 12.101 we obtain 
that for the arbitrary p G [2, oo), 


IM*)IIk‘oc <c'(*)(ll^oll bz°o + J 0 \\(v^M B ^ dT + l ll(^ 6e ) (r) 


dr 


(3.46) 


Now we need to estimate two terms appearing on the right hand side of inequality (13.4611 . Since 
0 < o> < 1, by virtue of Lemma IE. 11 one has that 


U r 


-U)g 


R°t 

o 


<C 

<c 


+ C\\ug\\ L p 


f><7 T 
- D 00,00 


M 


rjO" r 

D p, oo 


^PjOO 


u r 
r 

u r 
r 

<C(t)\\ug\\ B o 

In the last line of the inequality above, we have argued similarly as the proof of (|3.44l) to get 

— < C(t). 

r nffr v 

' 00,00 

By using Lemma IE.II again and (13.421) . ((3.451) . we can also bound || (^-bg) (' r ) 11• Thus, by the 
Gronwall inequality, we can get for the arbitrary p G [2,oo), 

sup \\ug(t)\\ B *-e < sup \\ug{t)\\ B *t <C(t). (3.47) 

0 <t<T P: 0 <t<T p ’ 


Now we are in the position to prove that 


f 

Jo 


||Vu(f)|| L oo d t < oo, 


which plays an important role in the proof of Theorem ll.il In fact, using the Bernstein inequality, 
we have that by choosing a > e + | with sufficiently large p, 


||Vit||z,°o <||A„xVu||roo T ' ||AjVu||roo 

3> 0 

<c , (||u|| L 2 +J2 2 ~ j{ ' 7 ~ e ~ p)2j{tT ~ e) \\ A M\ L ° 

j> 0 

—^(II^oIIl 2 + IMI b%-J)- 


(3.48) 


It follows by (I3.47|) that 


||Vu(t)|| L oo d t<C(T). 


Since p in (13.47P and e are arbitrary, estimate (I3.48P holds for all a > 0. On the other hand, we see 
that the initial datal data (u o, bo) G H s x H s with s > |, which guarantees that there exists a small 
enough cr > 0 such that bo G B^^, ^ G .B^oo and ujg G B p j0O for all p E [2, oo]. This completes the 
proof. □ 

3.4. High regularity for ( u,b ). In this subsection, we are going to derive the H s x H s (s > |) 
a priori estimates of (u, b) associated to system (11.21) to gain the loss of regularity which occurs in 
Proposition 13.71 


Proposition 3.8. Let (uo,bo) G H s x H s , s > | satisfying the conditions stated in Theorem 11.11 
Assume that (it, b ) be the smooth solution of system (II. 2D . Then, for any t > 0, there exists a constant 
C > 0 depending only on t and the initial data such that 

nt 


Ug,bg,Vbg,—)(t) +f \\d z U)g(l 

r / H °- 1 Jo 


\H S 


-i dr < C. 
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Proof. Applying A q to equality (II.5p leads to 


d t A g b ^ + (S q+1 u.V)A q ^ = R q {u,^), 

'(“>7) = (V'VjA^-A^rV)^). 


be' 


where 


R, 


By taking the L 2 -norrn to this equation and using Holder’s inequality, we conclude that 


Id 
2 dt 




L 2 


< 


R, 




L 2 


A, 


be 


L 2 


(3.49) 


By (15.ip . we have 


Rq[U, 


be 


L 2 


<C||Vu|| L oo Y 2<1 ~ q ' 

q'>q -4 


A n 


L 2 


+ c 


Y l|Ag'Vu|| 


L 2 - 


\q'-q l<4 


Letting a = s — 1. Plugging this commutator estimate into (13.491) and multiplying the resulting 
inequality by 2 2qa and summing up over q > — 1, we get 


d_ 
d t 


— (t) < C'||Vu|| L oc 

r H a 


be 




+ C\\Wu\\ Ha 


H° 


(3.50) 


Now we turn to show the estimate of be- Applying operator A q to the third equation of sys¬ 
tem m, we thus get 


<9fA q b e + (S q+ iu • V)A q b e = R q (u, b e ) + A q 


u r be 


where 


R q (u,b e ) = ( S q+ iu • V)A q b e - A q ((u ■ V)b e ). 
In a similar way as to obtain (13.501) . we can get 


d t 


IM*)IN < C( ||Vtt|| L oo INN + \\Vu\\ Hoi |NIl~ \\be\\ Ha + 


u r be 


H a 


INI 


H<* 


Moreover, by using (15.H . we get 


Tt IM*)N <C[ ||Vu || L oo INN + INN \\Vu\\ Ha INN 


+ INIj 


U r 


He 


\\be Wh 0 - + 


U r 


(3.51) 


Finally, in order to get the H a -e stimate of ojq, one may apply operator A q to the vorticity equa¬ 
tion (11.41) to obtain 


where 


dtAgUJe + (S q+1 u ■ V)A q ue - d 2 zz A q uj e = R q (u,ug) + A 


R q (u, io e ) = ( S q+ iu ■ V)A q u e - A q ((u ■ V)ve) ■ 


-An 


d z b 2 e 


By taking the L 2 -inner product with A q L0e and using the incompressible condition, we obtain 


\\A q ue(t )\\ 2 L 2 + \\d z A q ujo(t)\\ 2 L2 


< \\R q (u,uj 0 )\\ L2 || A 9 a;g || L 2 + 


Uj'UJq 


L 2 


\\AqC0e || L 2 + 


A, A 


L 2 


\\dzA q Ug\\ 


L 2 ■ 
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By using (15.11) and Lemma lE.il again, multiplying both sides by 2 2qa and summing up over q > — 1, 
we have 


^ ll^eWII H a + ll^ w e( i )ll 

^(IIVuIIloo ||w e ||^a + IM| Loo ||Vu|| h , 
—c( l|Vu|| Loo ||o;e||^ a + ||||||Vu|| H , 


H a 


ff“ 


'VLfUJQ 


+ 

r 

+ M 


H a 

U r 


H c 


+ 


b 2 e 


L°° 


H° 




+ 



Nil*- + \Ml 



+ \M 2 h . 


be 



2 

H a 


(3.52) 


By putting together these estimates (I3.50p . (13.511) and (13.52p and using the Young inequality, we 
obtain 


_d 
d t 


u ei bg, 

<c(l + ||Vu|| L oo + 


H<* 


+ 


z^e 


2 

H a 


2 + 


h ± 

2 1 

( u b 0\ 

r 

L°° / 

[0Jg,b e , —J 


2 

H<*' 


The facts that ||Vit||^ Q is equivalent to ||w 0 ||^ a and |we| < |Vu| are also used in the last inequality. 
As a result, by the Gronwall lemma and the estimates in Proposition 13.21 and Proposition 13.41 we 


have 


^e,be,-m 


H a 


+ 


f 

JO 


\\9z^e(r)\\Hc d t <C (o; e (0), b e (0), — (0 


= C '/oH Vu ( r )lll,°° dr 


H a 


This combined with Proposition 13.71 provides 

r ug,be,^(t) 


H a + JO 


zue(r) 


\H C 


dr < C. 


(3.53) 


It remains for us to show estimate of ||11^/“ - The classical commutator estimate helps us to 
conclude that 

||V6*|&a < C'||V6 fl (0)||^eJ'o llv«(r)||H.dr_ 

Thanks to estimate (13.531) . we finally obtain the desired result H^H# 3 < oo and then we completes 
the proof of the proposition. □ 


4. Proof of Theorem 11.11 

In this section, we restrict our attention to prove Theorem ll.il Firstly, we focus on the existence 
statement of Theorem o Let us begin with the following proposition which is about the local 
well-posedness for system (11.21) . 

Proposition 4.1. Let (uo,bo) € H s x H s with s > |. Then, there exists a maximal time T > 0 
depending only on ||(rto, bo)\\ HS such that system (11.21) admits a unique local-in-time solution (■ u,b ) 
satisfying u € C([0, T); H s ) and b € C([0,T); H s ). Moreover, d z u € L 2 (0, T; H s ). 

Proof. The result can be obtained by the Friedrichs method (see (2j for more details): For n > 1, let 
J n be the spectral cut-off defined by 

j^f(o = Mo,n]mm, £ sm 3 . 

We consider the following system in the spaces L 2 := {/ £ L 2 (M 3 )| supp/ C 13(0, n)}: 

dtu + V J n div ( VJ n u <g> VJ n u) — d 2 zz J n u = VJ n div (fPJ n b <8> VJ n b), 

< dtb + V J n div ( VJ n u <g> VJ n b ) = V J n div ( VJ n b <g> VJ n u), (4.1) 

K (u,b)\ t =o = J n (u 0 ,b 0 ). 
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The Cauchy-Lipschitz theorem yields that there exists a unique maximal solution ( u n ,b n ) € 
C 1 ([0, T*); L 2 ). Recall that J 2 = JmV 2 = V and J n V = VJ n , it is easy to check that (' Pu n ,Vb n ) 
and (J n u ni J n b n ) are also solutions. By the uniqueness, Vu n = u n (i.e. divu„ = 0), J n u n = u n , 
Vb n = b n ( i.e. div6 n = 0) and J n b n = b n . Therefore, system (|4.1|) can be simplified as 


^tUn T T* J n div {u n ^ d zz U n — R Jn{bn ^ 

&tbn T R J n div (u^ — T*T^div (b n u n ) : 

divu n = div6 n = 0, 

^{u n ,b n )\t=0 — -Jn(uo, bo). 


(4.2) 


Since the operators J n and VJ n are the orthogonal projectors for the L 2 -inner product. The classical 
commutator estimate enables us to conclude that the approximate solution ( u n ,b n ) of system (14.211 
satisfies 

^ \\(u n ,b n )(t)\\ 2 Hs + 2 \\d z u n {T)\\ 2 HS dr < C(\\X7u n \\ L °° + ||V&„||l°°) || (u n , b n ) (t)||^ s . 

Since s > |, the space H S {M . 3 ) continuously embeds in VF 1,00 (IR 3 ), it follows that 


where X n (t) := \\(u n ,b n ) {t)\\ H . 
Then, we get that for all n, 


sup 

te[o,T] 


^n(f) < CX 2 n {t) 


(y U ni bn) {t) || jjs — 


l-CT\\(u 0 ,bo)\\ Hs , 


which implies that 

u n € L°°([0, T); H s ), b n € L°°([0, T); H s ) and d z u n € L 2 ([0, T); H s ) are uniformly bounded, 

provided that T < {C || (uo, bo) ||^ s ) _1 . Hence, there exsits a couple ( u , b) such that ( u n , b n ) —*■ ( u , b) 
in L°°([0, T); H s ) x L°°([0, T); H s ). According to Fatou’s Lemma, we have {u, b) in L°°{[0,T)-, H s x 
H s ) and d z u € L 2 ([0, T); H s ). By virtue of equations (14.21) and uniform estimates of ( u n ,b n ), it is 
easy to check that dtu n G L 2 ([0, T); H s ~ l ) and dtb n G L°°([0, T); H s ~ 2 ). Besides, we know that 
H s ^ iL s_1 and H s ^ H s ~ 2 are locally compact. Therefore, by the classical Aubin-Lions argument 
and Cantor’s diagonal process, we conclude that there exists a subsequence which we also denote 
{u n ,b n ) such that ( u n ,b n ) —> ( u,b ) in L 2 ([0, T); H s ') x L 2 ([0, T); LP") for all s' < s. This strong 
convergence enables us to derive that the limit {u, b) is a distributional solution of problem (11.21) 
on interval [0,T). Since {u, b) belongs to L°°([0, T); H s x H s ), the limit u is a smooth local-in-time 
solution of problem (11.21) . The time continuity follows from the fact that u and b satisfy transport 
equations with the velocity lying in Lipschitz field and the source term belonging to L 2 ([0, T); H s ). 


Next, we show the uniqueness of solutions to problem <H2D- Suppose that (u\,pi,bi) and 
(u 2 ,P 2 ,b 2 ) are two solutions of system (jl,2(l with the same initial data. Letting the difference 
( 6 u , 5p , 5b) := {u\ — u 2 ,pi — P 2 i ^1 — b 2 ), we find that ( 5u , 5p, 5b) solves 

dt5u + (ui • V)5u — d zz 5u + X5p = {b\ • V)<56 + {5b ■ V)6 2 — ( 5u ■ V)u 2 , {t, x) € M" 1- x M 3 , 

d t 5b + {ui ■ V)5b = (bi- V)5u + {5b ■ X)u 2 - {5u • V)& 2 , 
div 5u = div 5b = 0, 

{5u,5b)\ t =o = (0,0). 

Taking the standard L 2 -estimate of {5u,5b), we get 

i-^(||<5u(t)|| 2 2 + \\5u{t)\\ 2 L2 ) + \\d z 5b{t)\\ 2 L 2 = I {5b ■ V)b 2 5ud^ - f {5u ■ V)u 2 5udx 
4 dr Jk3 Je3 

+ f {5b-S7)u25b dx — f {5u-S/)b 2 5b dx. 

.7r3 J R3 
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Moreover, by the Holder inequality, we have 

+ wmwb) < c{\\vu 2 \\ L ~ + \\vb2\\ L ~)(\\8umb + mmb)- 

Since f* (||Vu 2 (r)|| L°° T ||V& 2 (p)||l°°) d t < 00 , the Gronwall inequality entails (5n(i), 56(t)) = 0 on 
the whole interval [0, T). □ 

Now, our main task is to show that this local-in-time solution can be extended to the global-in- 
time solution under the assumption that uq = u r Q e r + UqC z and 60 = b^eg. From Proposition 14.11 we 
know that there exists a smooth solution (u,b) € C([0, T); H s ) x C([0, T); H s ) of system (11.21) . This 
together with the axisymmetric assumption allows us to perform the same argument in Section [3] to 
get / 0 2 ||Vu(t)|| 

L°° dt < 00 . Then, by using the BKM’s criterion established in m, we get that the 
local-in-time smooth solutions can be extended to all the positive time. Thus, we complete the proof 
of Theorem 11.11 


Appendix A. Appendix 

In this section, we shall give two useful lemmas which have been used in sections above. 

Lemma E.l. Let s > 0, q £ [1, 00 ]. Then there exists a constant C such that the following inequality 
holds true 

\\fg\\B^ q (MP) < C{ ||/||lpi(K")||5||b| 2i(J (R") + ll5 , llL’-i(K^)||/||s^ j(j ( R n)), 
where pi, n G [1, 00 ] satisfy ^ = A- + A- = ± + ±_ 

Proof. The proof of this lemma is standard, one can refer to [20] for the proof. □ 

Lemma E.2 (Commutator estimate). Let 1 < p < 00 and —1 < <7 < 1. Assume that u is a 
divergence free vector-field over M n and co = V x u. Then, there exists a positive constant C such 
that for all q > —l, the term R q (u,v) := S q+ iu • \7 A q v — A q {u ■ Vu) satisfies the following two 
estimates: 

\\Rq( U l ' y )llL 2 (R n ) < CIIVulliooCRn) ^ 2 q q IIAq./ull^Jfn) + |M|l/x.(Rn) ^ || Aq/Vull^^n) (5.1) 

q'>q—4 \q'—q\<5 

and 

\\R q (u, u)||iP(Rr l ) 

<C'(|||5' ( 3+5Vu|| I ,oo( R n) ^2 Hlp(R ti ) T 2 qa yjq + 2 ||w||^L IMI-B£ iOQ ) • 

\q'-q\<5 

Proof. We omit the proof of (15.11) because its proof is standard and classical. One can refer to [7] 
for more details. 

Let us begin to prove (15.21) . We first decompose R q (u,v ) as follows: 

R q (u, V) =S q+ \U ■ VA,r - A q {S q+ \u • Vu) - A 9 ((I d - S q+ i)u • Vu) 

= - [A q , S q+l u\ ■ X7v - [A q , S q+ iSiu] • Vu - A 9 ((I d - S q+1 )u ■ S7v), 
where u = (I,i — S\)u. 

By Bony’s decomposition, we have 

[A q ,S q+ iu] ■ Vv =[A q ,Ts q+lUi \diV + A q (T diV S q+l Ui ) + A q (R(S q+1 Ui,div)) 

T{\ q d, L vldq -\-1 U t Rl^Sq+xUi, A q 0iV') 

:=R q (u,v) + R q (u,v) + R q (u,v) + R q (u,v) + R q (u,v), 
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and 

A(j((Id — S q+ i )u ■ Vu) =A q (T(i d _g ii+1 j Ui diV^ + A q (Tg iV (l d — Sq+i)ui^ + Agii((Id — Sq+i)lLi, diV} 
:=R q (u,v) + R q (u,v) + R q (u,v). 

From above, it is clear to find that the only term [A g , S'g_|_ 1 S'iu] • Vu involves low frequency of u. 
First of all, we observe that 

[Sq' — lSq+lUi, Ag]cljAg/U 

=2 qn [ (S q <_iS q+ iUi(x.) - S q '_iS q+ iUi(y))ip(2 q (x - y))di,A q/ v(y) dy 

J R n 

= -2 qn f f d k S q '- 1 S q+ iu i (Tx + (1 - r)y) dr(x k - y k )ip(2 q (x- y))diA q fv(y) dy 
JR n JO 

= -2 q{ - n ~ l) [ [ d k S q '_ 1 S q+ 1 Ui(Tx + (l-T)y)dT2 q (x k -y k )ip(2 q (x-y))d i A q 'v(y)dy, 

J R n Jo 

where used the relation A 9 /(x) = 2 qn f Rn <£>(2 9 (x — y))/(y) dy. 


Therefore, we immediately get that 


>IUp(R") / l x ¥>( x )| 
J R« 


V )HlP(K 11 ) AC ^ 2 9 ||(9 fc S , g/_ 1 Ui|| £; 00( R n)||5iAg/U 

AC ||<9fc5'q/_iUj ||l°°(r™) || Ag'ull^p^n) 

<C'||S, +5 Vu|| L c 0(Rn) || A g /u|| iP ( R n). 

\q'-q\<5 

In a similar fashion as to prove R q (u,v), we can bounded [A 9 , 5 g +i5iit] • Vu as follows: 

II [Ag, Sq+l'Sl'lt] ■ —C|l'^ , g+ 5 ^' lt ||L 00 (K TI ) E i^-» 

W~q I <5 

For the second term R q (u,v), the Holder inequality yields 

||i? (? (u,u)|| ip j- Rn ) <(7 y ] II Aqr/Ujll^oo^n) 11 'S'q'—11 X/P’(]R n ) 

W~ ?|<5 


dx 


<C 2«-«'||A q'VUi 


E 2 ‘ _ 5 II A HL 


< 


\q'—q\<5 —l<k<q'—2 

CVgT2|MU (Rn) ^ 2 9 || Afcu|| iP ^ R „^. 

-l<fc<g+2 


Similarly, we can conclude that 

\\R q ( u i v )IIlp(R™) < Cyjq + 2|M| v /j[;( R „) 2 y || All’ll L p^ R ny 

-l<k<q+2 

The reminder term R q (u,v ) can be bounded by 

||a i A 9 (i2(5, + l« i ,t;))|| LP ( R n) <C yy 2 </ ||A (? /u||£ J p( R n)||A (? /S'q+l'Ui||/ / oo(' R n) 

q'>q-3 

<C 2 <?—<?/ 1| A, 

q'>q-3 


n'V 


n ) 11 Ag/ Vuj 11 £oo (JJn. ) 
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where we have used the fact 


HzQyJq + 2|M|yj^ Rri ) ^ \A + (</ - g)2 (g 9) ||A 9 /u|| LP ( R n), 

q’>q-3 


||^g'V«i||ioo( R n) < HAg/wllioo^n) < \/V + 2 11 W 11 VL(K" ) ' 

Similarly, we can conclude that 

H-Rg(' u ;' (; )IUr(R n ) E C\Jq + 2|M|^ R7l ) ^ \j\ + (c/' — g)2 ^ ^ || A f/ /n|| iP ( R n). 

q'>q-3 

It remains for us to bound the last three terms R q (u,v), R q (u,v) and R q (u,v). Thanks to the 
property of support and the Holder inequality, one has 


\\Rq( u i v )IIlp(R™) EC ||*S , q'-l(Id — 5'g+l)'Wj||L 00 (R n )ll^(j , 9i t 'llLP(R n ) 

\q'-q\<5 

EC yy 2 9 ||S’g'_l(Id — S' 9 _|_l)Vrtj||^oo( R n) || Ag/(9jn||^p( R n) 

\q'-g |<5 

EC y ] ||S' 9 /_iVrxi||L°°( R n)||A ? /n||LP( R n) 

k'-?|<5 

<C'||S' 9 -)-5V'u||ioo( R n) ^ || A 9 'U||ip( R n). 

l?'-«l<5 

For the term R q (u,v ), by the Holder inequality, we obtain 


f? 9 (n,u)||£ /P (Rn) <C yy ||<S , 9 '_i9i?;||x / p( R »)||Ag/(I c i — S , 9 +i)'Ui||L<x>( R n) 
I?'—<z|<5 

<C E E 9, ||A fc n|| L p( R n)||A 9 /VUj|| L cx,( R n) 

l'?'-'?l<5 -l<fc<g'-2 


<0^2^11^ y 2^’ (, ||A fc u|| L p( R n). 
-l<k<q+3 


As for the last term R q (u,v), by the Holder inequality, we obtain 

||i?®(n,n)|| Z/ p ( R») <C , ||a i A,i2((I d - S,+i)iii,u)|| Ll , (Rn) 

EC y 2‘ 7 ||A g /u||/ / p( R n)||A 9 /(Id — S'g+l)Wi||x,cxj( R n) 
q’>q-3 

<c y ^ 2 y q ||A 9 /u||x,p( R n)||A 9 /Vnj||^oo( R n) 

q’>q-3 

<C\Jq + 2||cj||y^( R T l ) y y/l + (q' — q )2 ^||A 9 u|| L p( R n). 

q’>q-3 

Collecting these estimates yields the desired result (15.21) . □ 
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